BRAID MONODROMY FACTORIZATION 
AND DIFFEOMORPHISM TYPES 



ViK. S. KULIKOV AND M. TEICHER 



Abstract. In this paper we prove that if two cuspidal plane curves Bi and B2 have 
equivalent braid monodromy factorizations, then Bi and B2 are smoothly isotopic in 
CP2. As a consequence, we obtain that if the discriminant curves (or branch curves 
in other terminology) Bi and B2 of generic projections to CP'^ of surfaces of general 
type 5*1 and S2, imbedded in a projective space by means of a multiple canonical class 
have equivalent braid monodromy factorizations, then Si and ^2 are diffeomorphic 
(if we consider them as real 4- folds). 



§0. Introduction. 

Let 5 be a non-singular algebraic surface in a projective space CP'' of deg 5' = 
A^. It is well-known that for almost all projections pr : CP^ CP^ the restrictions 
f : S ^ CP^ of these projections to S satisfy the following four conditions: 

(i) / is a finite morphism of deg / = deg S; 

(ii) / is branched along an irreducible curve B C CP^ with ordinary cusps and 
nodes, as the only singularities; 

(iii) f*{B) = 2R + C, where R is irreducible and non-singular, and C is reduced; 

(iv) f\ji : R ^ B coincides with the normalization of B. 

We will call such / a generic morphism and its branch curve will be called the 

discriminant curve of /. 
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Two generic morphisms {Si, fi), (5*2, /2) with the same discriminant curve B 
are said to be equivalent if there exists an isomorphism (p : Si —>■ S2 such that 
/i = /2 o <P- 

The foUowing assertion is known as Chisini's Conjecture. 

Chisini's Conjecture. Let B he the discriminant curve of a generic morphism 
f : S ^ CP^ o/deg/ > 5. Then f is uniquely determined by the pair (CP^, B). 

It is easy to see that the similar conjecture for generic morphisms of projective 
curves to CP^ is not true. On the other hand in [KuU] it is shown that Chisini's 
Conjecture holds for the discriminant curves of almost all generic morphisms of 
any projective surface. In particular, if 5" is any surface of general type with ample 
canonical class, then Chisini's Conjecture holds for the discriminant curves of the 
generic morphisms f : S ^ CP^ given by a three-dimensional linear subsystem of 
the m-canonical class of S, where m e N. The discriminant curve of such a generic 
morphism will be called m-canonical discriminant curve. 

Let B be an algebraic curve in CP^ of degree p. Topology of the embedding 
B C CP^ is determined by the braid monodromy of B which is described by a 
factorization of the "full-twist" in the semi-group S+ of the braid group Bp of 
p string braids (in standard generators, = {Xi ■ ... ■ Xp_i)P). If 5 is a cuspidal 
curve, then this factorization can be written as follows 

(1) A^ = J]Q-iXfg,, (1,2,3), 

i 

where Xi is a positive half-twist in Bp. 
Let 

(2) h = gi- gr 

be a factorization in S+. The transformation which changes two neighbouring 
factors in (2) as follows: 

gi ■ Qi+i I — ' {9igi+i9i^) ■ 9i, 
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or 

Qi ■ 9i+i I — > 9i+i{9r+i9i9i+i) 

is called a Hurwitz move. 
For z e Bp, we denote 

hz = z~^9iz ■ z~^g2Z ■ ... ■ z~^grZ 

and say that the factorization expression is obtained from (2) by simultaneous 
conjugation by z. Two factorizations are called Hurwitz and conjugation equivalent 
if one can be obtained from the other by a finite sequence of Hurwitz moves followed 
by a simultaneous conjugation. We will say that two factorizations of the form (1) 
belong to the same braid factorization type if they are Hurwitz and conjugation 
equivalent. The main problems in this direction are the following: 

Problem 1. Let B C CP^ be a cuspidal curve. Does the braid factorization type of 
the pair (CP^,5) uniquely determine the diffeomorphic type of this pair, and vice 
versa? 

Problem 2. Let Ap = £i and Ap = Ei be two braid monodromy factorizations. 
Does there exist a finite algorithm to recognize whether these two braid monodromy 
factorizations belong to the same braid factorization type? 

One of the main results of this article is 

Theorem 1. Let Bi, B2 C CP^ be two cuspidal algebraic curves. Assume that the 
pairs (CP^,i?i) and (CP^,-B2) have the same braid factorization type. Then the 
pairs (CP2,Si) and {CF^,B2) are diffeomorphic. 

It is well-known that there exist four-dimensional smooth manifolds which are 
homeomorphic, but not diffeomorphic. One of the most important problems in 
four-dimensional geometry is to find invariants which distinguish smooth struc- 
tures on the same topological four-dimensional manifold. We believe that in the 
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algebraic case one can use the braid factorization type of the discriminant curve of 
a generic morphism of a projective surface S to CP^ as an invariant of the smooth 
structure (induced by complex structure) on S, considered as a four-dimensional 
real manifold. We will prove 

Theorem 2. Let fi : Si ^ CP^ and f2 : S2 ^ CP^ be two generic morphisms of 
non-singular projective surfaces, and let Bi, B2 C CP^ be their discriminant curves. 
Assume that Chisini's Conjecture holds for (CP^,i?i). If the pairs (CP^,-Bi) and 
(CP2,S2) have the same braid factorization type, then Si and S2 are diffeomorphic. 

Corollary. Let Si and S2 be two surfaces of general type with ample canonical 
class and let Bi and B2 be m-canonical discriminant curves, respectively, of generic 
morphisms /i : 5'i — >■ CP^ and f2 '■ S2 ^ CP^ given by three-dimensional linear 
subsystem of m-canonical class on Si, where m e N. /f the pairs (CP^,-Bi) and 
(CP2,S2) have the same braid factorization type, then Si and S2 are diffeomorphic. 

Here is a brief summary of the rest of this article. In Sections 1 - 4, we 
recall definitions and some facts on the braid monodromy technique developed by 
B. Moishezon and the second author. Section 5 is devoted to the description of 
generators of the centralizer of the multiple half- twists in the braid group. This 
description is a key to the proof of Theorem 1. In Section 6, we recall or prove 
some assertions (which may be well-known) on smooth isotopy of manifolds which 
we will use in the proof of the main results. Section 7 is devoted to the proof of 
Theorem 1, and in Section 8 we prove Theorem 2. 

§1. Braid monodromy of an afRne curve. 

Throughout this paper, we use the following notations: 
5' is a curve in C^, p = deg S, 

TT : ^ C a generic projection on the first coordinate, 

K{x) = {y I {x,y) e S} {K{x) = projection to j/-axis of 7r~^(a;) n S), 
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iV = {x I < p}, 

M' = {x e 5 I TT 1^ is not etale at x} (7r(M') = N). 
Assume #(77"^ (x) n M^) = 1 for all x e N. 

Let E (resp. D) be a closed disk on x-axis (resp. ?/-axis) s.t. M' C E x D, 
N C Int(£'), and such that 'n'\[ExD)nB is a proper morphism of degree p. 
We choose u e dE and put K = K{u) = {qi, . . . , Qp}. 
In such a situation, we will introduce the concept of "braid monodromy." 

Definition. Braid monodromy of B with respect to E x D, n, u. 

Every loop j : [0,1] ^ E \ N starting at u has liftings to a system of p paths 
in {E \ N) X D starting at qi,. . .,qp. Projecting them to D we get p paths in D 
defining a motion {qi{t), . . . ,qp{t)} of p points in D starting and ending at K. 

This motion defines a braid in Bp[D, K], (see [MoTel], Section III). Thus we get 
a map ip : 'Ki{E\N,u) ^ Bp[D, K]. This map is evidently a group homomorphism, 
and it is the braid monodromy of B with respect to E x D, tt, u. We sometimes 
denote (p hy (py,. 

Definition. Braid monodromy of B with respect to tt, u. 

When considering the braid induced from the previous motion as an element of 
the group Bp[Cu, K] we get the homomorphism (p : 7ri{E\N,u) Sp[C„, K] which 
is called the braid mondromy of B with respect to tt, u. We sometimes denote (p 
by Pu- 

In order to present an example of a braid monodromy calculation, we recall a 
geometric model of the braid group and the definition of a half- twist. 

Definition. Braid group Bp[D,K] 

Let D be a closed disc in R^, K C D, K finite. Let B be the group of all 
diffeomorphisms (3 oi D such that P{K) = K , l3\dD — War). For /3i,/52 G B, 
we say that Pi is equivalent to P2 if Pi and (32 induce the same automorphism of 
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7Ti{D \ K,u) . The quotient of B by this equivalence relation is called the braid 
group Bp[D, K] {p — We sometimes denote by /3 the braid represented by /3. 

The elements of Bp[D,K] are called braids. 

Definition. H(a), half-twist defined by a 

Let D, K be as above. Let a, & e K ^ Ka,b = K \{a, b} and cr be a simple 
(i.e. without self-intersections) path in D \ dD connecting a with b such that 
a f] K = {a,b}. Choose a small regular neighbourhood U of a, Ka,b n C/ = 0, and 
an orientation preserving diffeomorphism ip : — )• C-*^ (C-*^ is taken with usual 
"complex" orientation) such that tl^{cr) = [—1, 1] = {z e \ Re z e [—1, 1], Imz = 
0} and ip{U) = {z e | \z\ < 2} . Let a{r),r ^ , be a real smooth monotone 
function such that a{r) = 1 for r e [0, |] and a{r) = for r ^ 2. Define a 
diffeomorphism /i : ^ as follows: for zeC^,z = re'"^ let h{z) = re»('^+"(^)'^). 
It is clear that the restriction of hto {z E \ |2;|<|} coincides with the positive 
rotation on tt, and that the restriction to {z & | |2;| > 2} is the identity map. 
The diffeomorphism H{a) = o hoip will be called a half-twist. 

A half-twist H{a) defines a geometric braid a (i.e. p paths without self- 
intersections in D X [0,1] starting at ii' x {0} and ending at ii' x {!}, K = 
{qi, . . . , Qp})- This braid can be presented as 

(5j{t),t) = (qi,t) if Qj^ a, b; 

iSjit),t) = i^-\-e''''),t) if qj=b. 

The following is the basic braid monodromy associated to a single singularity 
of an algebraic curve. 

Proposition - Example 1.1. Let E = {x e C\\x\ < 1}, D = {y e C\y < i?}, 
R ^ 1, B is the curve — x'^ , u = 1. Clearly, here n = 2, N = {0}, K = 
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{ — 1, +1} and ni{E — N, 1) is generated by T = dE (positive orientation). Denote 
by (fi : 7ri{E \ N, 1) B2[D, K] the braid monodromy of B with respect to E x D, 
TT, u. 

Then v?(r) = , where H is the positive half-twist defined by [—1, 1] ("positive 
generator" of B2[D, K]). 

Proof. We can write T = {e^'^*^ t e [0, 1]}. Lifting T to we get two paths: 

S,{t) = [e^^'\ e2--V2^ 

Projecting 6i{t), 62{t) to D we get two paths: 

ai(t) = e""'*-" , 0<t<l 
a2{t) ^ -e""'^-" , 0<t<l. 

These paths induce a motion of {1, -1} in D. This motion is the z^-th power of 
the motion J\4: 

hx{t) = e'^'\ 0<t<l 
h2{t) = -e^^\ < ^ < 1. 

The braid of i?2 [-D, {1, — 1}] induced by coincides with the half- twist H 
corresponding to [-1, 1] C D. Thus <^(r) = H" . □ 

We recaU the notion of a geometric free base of the fundamental group of a 
punctured disc and a basic property of the free base. 

Definition. A bush . 

Let E, N = {ui, . . . , Un}, u be as above. Consider in E ordered sets of simple 
paths (Ti, . . . , Tn) connecting ttj's with u such that 

(1) TiHTj^uifiy^j; 
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(2) for a small circle c{u) around u each Tir\c{u) is a single point, namely Wi, and 
the order in {wi, . . . ,Wn) is consistent with the positive ("counterclockwise" ) 
orientation of c{u) . 

Let Cj be the boundary of a closed disc Ej of small radius with center at uj . Denote 
by Tj = Tj \ {Tj n Ej) and l{Tj) = Tj • cj • Tj"^ a loop (and the corresponding 
element in 7ri{E \N,u)) in which a point moves counterclockwise along Cj. 
We say that two such sets (Ti, . . . , T„) and (Ti, . . . , T^) are equivalent if 

eiT,)=e{fi) (in 7ri(E\N,u) 

for all i = 1, . . . , n. An equivalence class of such sets is called a bush in {E \N,u) . 
The bush represented by (Ti, . . . , T^) is denoted by (Ti, . . . , T„) . 

Definition, geometric base, g — base 

Let E, N, u be as above. A ^-base of 7ri{E \ iV, u) is an ordered free base of 
TTiiE \ N, u) which has the form (^(Ti), . . . , £(r^)) where (Ti, . . . , T^) is a bush in 
E\N. 




Fig. 1.1 

Proposition-Definition. Denote by p the element of 'n'i{E\N,u) represented by 
the loop dE (with positive orientation). There exists a unique element of Bn[E, N] , 
denoted by orA'^[E,N] such that for any g-baseVi, ... ,Tn of7ri{E\N,u) 
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Proof. [MoTel], V.2.1. 

Remark. Clearly, acts as a full-twist around all the points of N. 
Proposition 1.2. g Center Bn[E, N]. 
Proof. [MoTel], V.4.1. 

Proposition - Example 1.3. Let B be a union of p lines, meeting in one point 

So, So = {x{sQ),y{so)) ■ Let D, E , u, K = K{u) be as in the beginning of%l. Let 
be the braid monodromy of B with respect to E x D, tt, u. Clearly, here N = 
single point x{so) and 'Ki{E \ N,u) is generated by T = dE. Then <^(r) = A^ = 
A2 [D,K{u)]. 

Proof. By a continuous change of sq and the n lines passing through sq (and 
by uniqueness of A^) we can reduce the proof to the following case: B — ULfe, 
Lk- y = jkx, jk = e^'^^'^/P, k = 0, - 1. Then N = {0}. We can take 
E = {c\\x\ <l},u=l,T = dE = {x = e^'^**, t e [0, 1]}. Lifting dE to B and then 
projecting it to D, we get p loops: 

afe(t)=e2-(WP)^ k = 0,...,p-l, te[0,l]. 

Thus the motion of afc(O) represented by ak{t) is a full- twist which defines the 
braid Al [A{afe(0)}] = A2 [D,K{1)]. 

(To check this last fact, see the corresponding actions in tti {D\K,u)). 

Definition. Frame of Bp[D, K] . 

Let D, K = {o'l, . . . Qp} he as in the beginning of §1. Let us choose a system 
of simple smooth paths (cti, . . . ,(Tp_i) in D \ dD such that CTj connects qi with 
Qi^i and L = Uaj is a simple smooth path. The ordered system of half-twists 
{Hi, . . . , -Hp-i) defined by {ai}^~^ is called a frame of Bp[D, K]. Sometimes such 
a system of paths {ai}^~l will also be called a frame of Bp[D, K]. 



10 VIK. S. KULIKOV AND M. TEICHER 

Theorem 1.4. Let {Hi, . . . , Hp^i) be a frame of Bp[D,K]. Then Bp[D,K] is 
generated by Hi, ... , -Hp_i. 

Proof. See, for example, [MoTel] . 

Definition. Generalized half-twist Aj j given by a skeleton Ljj = IJ^Z^ (Jr ■ 

In the notation of the above definition let {crr}rZi be a frame of Bp[D, K] and 
let i < j. Choose a small neighbourhood U of the path Lij and an orientation 
preserving diffeomorphism V' : — such that 

(1) V^(Lij) = [-1,1] = {z e |Rez e [-1,1], Imz = 0} ; 

(2) i;{U) = {zeC^\\z\ <2}; 

(3) the set {■0(gr)}r=i is invariant relative to the involution Re^; i— > — Re2; . 
Let a{r), r ^ be a real smooth monotone function such that a{r) = 1 for r e [0, |] 
and a{r) = for r ^ 2. Define a diffeomorphism /j, : — > as follows: for z E C^, 
z = re^*^, let h{z) = re^^v+'^ir)^) , The diffeomorphism A^j = -0-^ o h o ip will be 
called a half- twist given by Li^j = U^~^(jj.. 

Remark. The full-twist Af j = {Hi ■ . . . ■ In particular, A^^^+i = Hi 

and Af p = Ap, where the the half- twist Hi and the full- twist = Ap[D, K] was 
defined above. 

§2. Positivity of the braid monodromy. 

In this section, we shall show that the braid monodromy takes, in fact, values in 
the semigroup of positive braid monodromy generated by the (counterclockwise) 
half-twists. 

We keep the same notations as in §1, and introduce additional ones. 

Definition. ipT, Lefschetz diffeomorphism induced by a path T 

Let T be a path in E\N connecting xq with xi, T : [0,1] ^ E \ N. There 
exists a continuous family of diffeomorphisms tp^t) ■ D ^ D, t e [0, 1], such that 
V;(o) = Id, i;^t){K{xo)) = K{T{t)) for aU t G [0, 1], and iP^t){y) = y for aU y e dD. 
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For emphasis we write : {D,K{xo)) {D, K{T{t)). Lefschetz difFeomorphism 
induced by a path T is the diffeomorphism 

ijT = i^ii) : {D,K{xo)) ^ {D,K{x,)). 

Since ■^(^) {K{xo)) = K{T{t)) for all t e [0, 1], we have a family of canonical 
isomorphisms 

V'^;) : Bp [D, K{xo)] Bp [D, K{T{t))] , for all t e [0, 1]. 

Definition. Lt, Lefschetz isomorphism induced by T 

LT = rT = V'm : Bp [D, K{xo)] ^ Bp [D, K{x^)] 
{/3)Lt = o (3 o iprp. 

It is easy to check that Lt depends only on the homotopy class of T. 

Notation. '4^t,b Lt,b 

Lt and V't depend not only on T, but also on S. To avoid confusion, we shall 
emphasize and use i1^t,b and Lt^b- 

Remark. There is an equivalent definition of braid monodromy ipu '■ 7ri{E\N, u) — > 
Bp[D, K]. Take any S E tti{E \ N,u). Let 5 be a loop representing 5. Then ip{S) is 
the braid represented by the diffeomorphism if^g. 

Proof. Both and ip{d) are induced from "pushing" along F. 

Lemma 2.1. 

(1) VTiTz = VTi O-^Ta- 

(2) H{a)Lt = H{{a)iPT). 

(3) If T is a closed loop, then ipT defines a braid ipT '^n Bp and {h)LT — ipT ^V't 
(composition from left to right). 
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Proof. (1) and (2) are proved immediately. 

(3) Assume b = p. By definition of Lt, {P)Lt = V't^ o (3 o 'ip^. Since i/jt and 
P each defines a braid, (6)Lt = -0^"^ o /? o i/^j, = il^rp^btprp. □ 

Let M' = {sj}j'^i be the singular points of tt 7r(M') = N. For every 
J = 1, . . . , n, let D'j be a small disk on y-axis centered at y{sj) such that Dj C D 
and that {x{sj) xD'^DB = Sj. Let E'j be a sufficiently small closed neighborhood of 
Xj = x{sj) on the x-axis such that EjDN = xj and the number ^{x xliit{Dj) f] B) 
is independent of x for all x e Ej\{xj}. We call this number the local degree of tt at 
Sj or degg^. tt. Let = deg^^. tt. Choose a point x^- e Si?. Let K'{xj) — K{Xj)nDj. 

Definition. ipT,Sj ■, Lefschetz embedding induced by Sj and T 

Let T : [0, 1] ^ C be a path in i? \ (A^ U (Int E'^)) connecting x'j to a point 
u' e E\N. The diffeomorphism Vt,s, = V^t |^,: (i:>^-, i^'^)) ^ (i:>,K(?iO) 
is called Lefschetz embedding induced by Sj and T, where V't is the Lefschetz 
diffeomorphism induced by T. 

Remark. Let rrij = deg^^. tt. Take liftings of T to S starting at the different 
points of K'{x'j). These liftings are real curves in T x D. We can think of ipx as 
"puUings" of K'{Xj) in T x D along these real curves. 

Definition. LT,Sj , Lefschetz injection induced by T 

Let So e N. Let Dq, xq, Eq, mo, u' be as in the definition of Lefschetz em- 
bedding. Consider ^T,sj ■ {D'- x K{x'j)) — * {D,K{u')) a Lefschetz embedding 
induced by sj and T. We have ipT,Sj{K'{x'j)) C K{u') and (A:(m') \ 'i/jT,aj{K{x'j)) n 
t/^t^s^. (IntDj) = 0. The Lefschetz injection induced by T is the canonical injection 
induced from V't.s,, Lt = Lt,s, = V't : [Dj,K'{x'j)] ^ Bp[D,K{u')] which is 
is well-defined by the above inclusions. 

To compute the braid mondromy, we need to know for the 51-base 

{Sj — ^(7j)}j=i defined by the bush {7^)^=1 in {E \N,u). We actually need to be 
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able to compute for such {Sj} since it is the basic data for any apphcations 

of braid monodromy. We can represent each 5j as o dE'j o 7^ was defined 
earher). Thus, to know (p{5j) it is sufficient to know the Lefschetz injection L^. : 
Brrij [Dp K'{x'j)] Bp[D, K] and also the local braid monodromy (psj of i? n [Ej x 
D'j) with respect to Ej x Dj, ttx^ as defined here. 

Definition, (fsj local braid monodromy of B at Sj 
The local braid monodromy of B at sj is 

<fs, : ME'j \ {xj},x'j) ^ Bm, [D'j,K'{x'j)] , 

the braid monodromy of 5 n [Ej x Dj] with respect to Ej x Dj, tt, Xj {K'{xj) = 
K{x'^)nD'^). 

It is clear that ^psj is determined only by (psj{dEj). The following lemma is 
evident. 

Lemma 2.2. Let T be any path in E \ (N U (Int Ej)) connecting x'j with u and 
S = T-^ o dE'j o T = e{T). Then ip{6) = {ips^{dE'-)) Lt- In particular, ip{6j) = 

Remark. The Lemma actually indicates that the braid monodromy (p is completely 
determined if we know local braid monodromies and Lefschetz injections for some 
bush in E\N. 

Lemma 2.3. Let Sj be a singularity of B which is locally presented by y"^ = x^ , 

that is, rrij — deg^^. n — 2. Then <p{Sj) = [HjY , where Hj is a positive half-twist 
defined by some path a, and in particular it is a positive braid. 

Proof. Follows from Proposition - Example 1.1. and Lemma 2.2. 

Proposition 2.4. Let (p : ni{E \ N,u) Bp[D,K] be braid monodromy of a 
curve B, {Sj} a g-base of tti{E \ N, u). Then all (p{5j) e B+ = B+[D, K]. 
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Proof. Given a curve B, we can find a curve B^^^^ close enough to B, nonsingular 
and of the same degree. Let K^^^ = {y | {u,y) e B^^^} and M^^\ N^^'^ be as in 
§1. We can naturaUy identify Bp[D,K] with Bp[D,K^^^]. Each Sj E M sphts into 
a finite set of singular points {sj^} C M^^^ which locally are of type x = y'^. Each 
Xj e N will split into points {xj^} — {'^{sjj} C A^(^). Clearly, N^^^ = {xji}j^i. Let 
</?(^) be the braid monodromy of B^^^ with respect to ExD, tt, m, N^^\ We can find 
{(5j.} a (/-base of 7ri(£' \ A^*^^\ ix) such that each Sj = Yl^ji- Natural identification 

i 

of Bp[D,K] and Bp[D,K^^')] will give us that each ^p{Sj) = H V^^^H^j J (we use 

i 

the fact that B^^^ is very close to B). By Lemma 2.3, each (p^^\5j^) is a positive 
half-twist. Thus, each if{Sj) = U ^^^\Sj.) e B+. □ 

i 

§3. Braid monodromy of a projective curve. 

Definition. Braid monodromv of a projective curve 

Let B be an algebraic curve of degree p in CP^. Choose generically a line L 
at infinity D B) = p) and affine coordinates in = CP^ \ L, so that 

the projection TT{x,y) = x on x-axis of the curve S fl is generic (in particular, 
the center of this projection in CP^ must be outside of B). Let 7r(a;,y) = x. Let 
N = {x e C \ 'K~^{x) n B ^ p}, E is a. closed disk on the x-axis with N C Int(^), 
D is a closed disk on the j/-axis with 7r~^{E) f] B C E x D. Choose u e dE. 

The braid monodromy of B with respect to L, u is the braid monodromy of 
B r\{E X D) with respect to E x D, tt, tt, i.e., the homomorphism 

ip:T:x{E\N,u)^Bp[D,K] 

defined in §1. 

Proposition 3.1. Let B he an algebraic curve of degree p in CP^. Let L, tt, u, 
D, E, K{u) be as above. Let (p be the braid monodromy of B with respect to L, tt, 
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u. Let Si, . . . ,Sq be a g-hase of 7ii{E \N,u). Then 

i=l 

Q 

Proof. Because H — (positive oriented), we have to prove that Lp{dE) = A^. 
We can assume E arbitrarily big, so that dE will be very close to oo at the x-axis. 
Continuously deforming coefficients of the equations of B such that new curves will 
be transversal to L^o we can reduce the proof to an equation which defines union 
of n lines intersecting at a single point. Now use Proposition - Example 1.3. □ 

Lemma 3.2. g B+ . 

Proof. Proposition 2.4. 

Definition. Braid monodromy factorization (associated to projective curve) 

Braid monodromy factorization associated to a plane projective curve is a prod- 
uct of the form A^ = n'/'(<^i)5 where is the braid monodromy of the projective 

i 

curve and {5j} is a g-hose of 'Ki{E \Ni,u). 
Remarks. 

(1) A g-hsuse of tti{E\N, u) and the corresponding product-form determine the 
braid monodromy. For applications it is usually sufficient to know a product-form 
of a braid monodromy without reference to a particular g-hose. 

(2) The product-form is not a prime factorization of A^ unless B is nonsin- 
gular. For a nonsingular 5, each f{5i) is a positive half-twist which is a prime 
element of B^ . 

Proposition 3.3. Let B be a (generalized) cuspidal curve on CP^ (that is, all 
singularities of B are locally given by = x'^ , u & N). Then any product-form of 
the braid monodromy of 6 can be written as A^ = YliQi^^Hi'Qi) where Hi is a 

i 

positive half-twist and each e N. 
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Proof. Recall that we are using generic projections of A C with respect to the 
projective curves. Each singularity of ttIb is of the type y'^ = x" , u & N. Now 
use Lemma 2.3 to get (p{5i) = Hp, where Hi is a half-twist. Every two half-twists 
in Bp are conjugate, so for all i there exist Qi such that Hi — Q~^HiQi. Thus, 
Al = U^{Si)=UQ7^H'{^Qi. 

□ 

Remark. We can take any half- twist for Hi. 

§4. Braid monodromy factorizations of and Hurwitz equivalence. 

From Proposition 3.1 and 2.4, we know that a braid monodromy factorization 

Al[D,K] = l[^{Si) 

i 

is a factorization of Ap[D, K] in B^[D, K] induced from a gf-base of 7ri{E \ A?", u). 

We define an equivalence relation on the set of ^^-factorizations of A^. We 
start by classifying a Hurwitz move on G x • • • x G (G is a group) or on a set of 
factorizations. 

Definition. Hurwitz moves Rk, Rk^ on G^: 

Let t = {ti,. . ., tm) e G™' . We say that s = (si, . . . , Sm) e G"^ is obtained 
from thy the Hurwitz move Rk (or t is obtained from s by the Hurwitz move R^^) 
if 

Si = ti for i ^ k , k + 1 , 

Sk = tktk+lt}^ , 
Sk+l = tk ■ 

Definition. Hurwitz move on a factorization 

Let G be a group t & G. Let t — ti ■ . . . ■ tm = si ■ . . . ■ Sm he two factorized 
expressions of t. We say that si • . . . • is obtained from ti • . . . • by a Hurwitz 
move -Rfe if (si, . . . , Sm) is obtained from (ti, . . . , tm) by Hurwitz move Rk ■ 
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Definition. Hurwitz equivalence of factorization 

Two factorizations are Hurwitz equivalent if they are obtained from each other 
by a finite sequence of Hurwitz moves. 

In order to study equivalence relations, we first state that braid monodromy 
and Hurwitz moves are commutative. 

Lemma 4.1. (Proof in [MoTel], Chapter H). Let D,K,u be as above. 

(a) ifTi,..., Tn is a g-base of tti{D \ K, u) then Fi • . . . • r„ is represented by 

the loop dD (taken with positive orientation). 

(b) If {r'j} and {Fj} are two g-bases of 7ri{D \ K,u) then each F^ is conjugate 
to some F,. . 

(c) By applying a Hurwitz move to a g-base, we get a g-base (see Fig. 4.1). 

(d) Any two g-bases can be obtained from each other by a finite sequence of 
Hurwitz moves. 




R, 




Fig. 4.1 



Proposition 4.2. Let B be a curve in and let N, E, D, TT, u be as above. 
Let if be the braid monodromy of B with respect to Ex D, tt, u. Let n = H^N . The 
following diagram 



{g-bases of 'Ki{E\ N,u)} 
Rk 



iBp[D,K]y 
Rk 



{g-bases of 7Ti{E \ N,u)} 



{Bp[D,K]y 
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where R^, is the k-th Hurwitz move, is commutative. 

Proof. Follows immediately from definitions and the fact that 

Difi'erent braid monodromy factorizations related to B that are derived from 
different g^-bases are equivalent to each other: 

Lemma 4.3. Let B be a curve, let L, tt, E, D, N, u, K he as in §5. Let cp 
be the braid monodromy of B with respect to L, u. Let Ap[D,iir] = H '/^(^i) '^"'^ 

i 

Ap[D,i^] = ri'^l'^D ^6 ^'^^ braid monodromy factorizations of /S,'^[D,K] corre- 

i 

sponding to and two g-bases of 7Ti{E \ N,u). Then the two factorizations are 
Hurwitz equivalent. 

Proof. Two s'-bases {Si} and {S^} of 7Ti{E \ N,u) can be obtained from each 
other by a finite sequence of Hurwitz moves (Lemma 4.1). By Proposition 4.2 
the same sequence of Hurwitz moves will transform {(p{5i)} into {(p{Sl)}. Thus the 
factorizations H 11 '/'I '^D equivalent. □ 

i i 

Lemma 4.4. In the notation of the previous Lemma, ifYli i^ Hurwitz equivalent 
to Yifi^i)} then there exists a g-base {5'^} of7ri{E\ N,u) such that Zi = (p{Sl). 

Proof. Let £ be the sequence of Hurwitz moves that takes (p{Si) to {Zi}. Apply e 
on {5i} to get {S^}. By Proposition 4.2, (p{5l) = Zi. □ 

We conclude that: 

Theorem 4.5. Let B be a projective curve in CP^. Let (p: Tri{E \ N,u) — > 
Bp[D, K] be its braid monodromy. The set of all braid monodromy factorizations 
of Ap[D,K] associated to B (presented by = 11 '/'(^^i)) where {Si} is a g-bases 

i 

of 7Ti{E \ N,u)) occupy a full equivalence class of factorizations of Ap in B^ . 

Let B be an algebraic curve in and let (p: tti{E \ N^u) ^ Bp[D, K] be the 
braid monodromy of B defined by a braid monodromy factorization Ap — Yly^i^i): 
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where {Si} is a ^r-base of Tri{E \ N, u)). Acting on (D, K) by a diffeomorphism f3, 
we obtain a new braid monodromy factorization = Y[f^~^f{Si)P associated to 

i 

B. 

Definition. Braid monodromy factorization type . 

Two braid monodromy factorizations are called equivalent with respect to Hur- 
witz moves and conjugations if one of them can be obtained from the other by a 
finite sequence of Hurwitz moves, followed by a simultaneous conjugation by an 
element P E Bp. 

Two braid factorizations belong to the same braid monodromy factorization 
type if they are Hurwitz and conjugation equivalent. 

§5. The centralizer of the multiple half-twists. 

In this section we give a description of generators of the centralizer of the 
multiple half- twist which we will use in the proof of Theorem 1. We keep the same 
notations as in §1. 

Theorem 5.1. Let (Hi, . . . , Hp-i) be a frame of Bp[D, K] given by a system of 
paths {ai}^!^ and let X = H^, z/ e N. Then the centralizer C {X) of X in Bp[D, K] 
is generated by j = 3, . . . ,p, and Hj, j = 1,3, . . . ,p — 1. 

Proof. Denote by Ci{X) a subgroup of Bp[D,K] generated by Hi, A^^-, j = 
3, . . . ,p, and the set of all half-twists H{a) given by simple paths a starting and end- 
ing at K and non- intersecting with ai. Let C2{X) be a subgroup generated by Af 
j = 3,...,p, and Hj, j = 1, 3, . . . ,p - 1. It is clear that C2{X) C Ci(X) C C{X) 
and we must prove the inverse inclusions. 

It is sufficient to prove Theorem 5.1 for even v, since C{X) C C{X'^). 

Without loss of generality, we can assume that 

D = {{vuV2)eR^\vf + vi<p^}, K = {qo = (0,0),..., qp-i = {p- 1,0)}, 
ai = [i -l,i] ^ {{vi,V2) eM.'^\i-l<vi<i, V2^0 }. 
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Denote by ao = [—p,0] = {{vi,V2) G | — p < vi < 0, f2 =0} and ap = 
[p — = { {vi, V2) e I p — 1 < < p, V2 — 0}. We choose a point uq e dD 
such that Uq does not he in the hnes {vi = i}, i = 0, ... ,p — 1, and {v2 = 0}. 
Consider an element 7 e 7ri{D \ K,uq), 7 : [0, 1] ^ D \ 7(0) = 7(1) = uq. 
By shghtly changing 7, we can assume that it is in a general position with respect 
to the lines {vi = i}, z = 0, . . . ,p — 1, {v2 = 0}. The coordinates {vi,V2) define 
an orientation on D and on these lines. For each point y G j C) L, where L is an 
oriented line in general position with respect to 7, the orientation chosen above 
allows us to define an intersection index {'y.,L)y equal to ±1. Let to = < ti < 
■ ■ ■ < tn-i < tn = 1 be a sequence of t e [0, 1] for which ^{t) belongs to one of 
the lines considered above. We associate a sequence 0(7) = (ao, . . . , a„) of symbols 
ttj e {mq ^, Oq ^, . . . , Op ^, /iQ ^, . . . , /ipii, Z^^, . . . , Ipli} to this loop (a code of 7) as 
follows 

(1) ao = Uo and an = Uq^ ; 

(2) tti = o^^ if 7(ti) G CTj and the power coincides with (7, cr-,)^(t .) ; 

(3) aj = if 7(ti) G I/j, where Lj — {vi — j, V2 > 0}, and the power coincides 
with (7, .) ; 

(4) aj = l^^ if 7(ti) G Lj, where Lj = {vi = j, V2 < 0}, and the power coincides 
with (7,Lj)^(^.). 

The code 0(7) = (ao, . . . , a^) is said to be reduced if aj 7^ a~(^]^ for each i. We 
can associate the reduced code 0^(7) to a code 0(7) = (ao, . . . , a^) removing from 
(ao, . . . , a„) all pairs a^, aj+i such that aj = a~^-^^. 

We call /c(7) = | = n + 1 a length of 0(7) — (ao, . . . , a^). 

Similarly, to each path a connecting points qi and qj in D \ {K \ {qi,qj}), 
we can associate a code c(cr) if we add symbols qf, I = 1, . . .p, to the symbols 
defined above, and we can define a notion of reduced code satisfying the following 
conditions: 
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(1) ai = Qi and = ; 

(2) a2 e ; 

(3) Gn-i e ; 

(4) ai 7^ a^1^\ for each pair ai,ai+i . 

We define a sign sgn{a) of a code Cj.((7) putting sgn{a) = 1 if 02 G {^^\, 
and sgn{a) = -1 if 02 G {/ij+i, Zj+i}. 

Lemma 5.2. Loops 70 and 71 (^resj>. paths a' and a" ) are homotopic in D\K if 
and only 2/0^(71) = 0^.(72) (resp. Cr{(T') = Cr{(T")). 

Proof. To each code 0(7) = (ao, . . . , a^) we associate the element ao an of a, 
free group F generated by 

uq, oq, . . . , Op, ho, ... , hp-i, Iq, . . . , Ip-i, qi, . . . ,qp. 

It is clear that a reduced word in F corresponds to a reduced code. It is well known 
that for each element in F the reduced word representing this element is uniquely 
defined. Therefore the reduced code is uniquely defined for each code. 

It is clear that if 70 and 71 are homotopic in , then there exists a homotopy 
7s, s e [0, 1], such that for almost all s except a finite number of s e {si, . . . , Sk}, the 
loops 7s are in general position with respect to the lines {vi = i}, i = 0, . . . ,p — 1, 
{v2 — 0}, and for s e {si, . . . , s^} the loops 7^ are touching one of these lines at one 
of the intersection points, and meet transversally at the other intersection points. 
Hence homotopic loops have the same reduced code. The inverse statement that if 
the reduced codes of homotopic loops 70 and 71 are equal to each other, then 70 
and 7i are homotopic is evident. 

The case of two paths is similar to the case of two loops considered above. 

First, we will show that Ci{X) = C{X). Consider an element G e C{X). 
Lemma 5.3. Let a diffeomorphism h be a representative of G & C'(X). Then the 



22 VIK. S. KULIKOV AND M. TEICHER 

simple paths a = h{ai) and ai (considered as non-oriented paths) are homotopic 
in {D, K) (a homotopy leaving fixed K). 

Proof. We have 

X = G-^XG = {G-^H{(ji)GY = H{h{ai)Y = H{aY, 

i.e. X — can be represented as v-ih. power of the half-twist defined by a. 
Therefore Lemma 5.3 foUows from 

Lemma 5.4. Let multiple full-twists H[aiY ^'^^ ^i.'^Y represent the same ele- 
ment in Bp[D,K], where a is a simple path. Then a and a\ (considered as non- 
oriented paths) are homotopic in {D,K) (a homotopy leaving fixed K). 

Proof. Consider the reduced code Cr(cr) = (g^, 02, . . . , an_i, qf^^). If the length 
|cr(c)| = 2, then a is homotopic to a path ai belonging to the chosen frame. 
Therefore, / = 1 follows from H{aiY = H{aiY- 

Let us show that |cr-(a-)| < 3. In fact, assume that |ct.((7)| > 3. Then for 
some s 0, 1, there is a symbol ai^ e {hf^,lf^} in the reduced code Cr{o-). Let 
we have ai^ = h^, £ — ±1 (the case ai^ — II is similar and it will be omitted). 
We choose a point uq such that s — 1 < vi{uq) < s, ^2(1^0) > and consider 
a loop 7 e 7ri(-D \ K,uo) whose reduced code 0^(7) = {uo,Os-i,ls,oJ^ ,hj^ ,Uq^) 
(7 coincides with the {p — s)th element of a ^'-base). Then {j)H{aiY — 7 ^^'^^ 
therefore, 

Cr{{i)H{a^Y) = Cr(7), 
since we can choose a loop representing 7 which does not intersect ai. To find 
a code c{{'y)H{aY), we associate a quadruple ba,± = (^i, ^2, ^3, ^4) to the pairs 
(^1,02) and {an-i, q~^) in the reduced code Cr{cr) as follows 

' {oi-iJi, o~^,h~'^) if a2 = 

_ I ih, o~'^ , , Oi-i) ifa2 = C\; 

(o- ,Oi_i,/i) ifa2 = <i+i; 

. Oi-i, k, Oj"^) if a2 = hi+i 
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-1 -1 

' {oj-i,lj,Oj ,hj ) a Un-i = hj-i; 

_ (^i)0~\/i~\oj_i) if an-1 = Ij-u 

~ 1 / -1 1,-1 7 \ -r 7-1 

[Oj ,hj ,Oj^i,lj) it ttn-l = Ij+i, 

. ih~^,Oj-i,lj,o~^) if an-i = 

We define 

ciC2 = {a[, a'^^,a'(, a^J 
for ci = (a'l, . . . , a^J and C2 = (a'/, . . . , a^J, and 

Put 

Cr(cr)(fe+) = (Ofe+l, • ■ • ^^n-l)) 

Cr(o-)(fc-) = (a2,---,afc), 

''a = (^2, , • • . ,an-l)6(a,-)(«2, , • ■ • , an_i)~^6(o-,+) , 
ra,fc = Cr((T)(fe+)6(a,-)Cr(0-)^^^^^Cr((T)^^^_)6(^,+)Cr((T)(fe-), 

and 

where v = 2/^, €7.(0") = {ai,a2, ■ ■ ■ ,an-i,an), [01,02] — ciC2C^^C2^, and each code 
ra,k can be obtained from Va by means of a cychc permutation. It is clear that ra,k 
and Ri,{a,k) are reduced codes. 

Without loss of generality, we can choose a and 7 such that c(cr) = Cr(cr) and 
^ = 5 o hg o Cg o o , where Cg is a circle of a small radius with the center 
at Qs, hg is a path along the line vi = s, and S is the shortest path along dD 
connecting uq and the intersection point of dD and the ray {vi = s, V2 > 0}. Let 
wi > W2 > ■ ■ ■ > Wm > be the sequence of values of V2 corresponding to the 
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intersection points of the ray {vi = s, V2 > 0} and (t, and let ki, k2, ■ ■ ■ , km be the 
indices of afe, in Cr{cr) and corresponding to these values of V2 (by definition, these 
are equal to hl''\ Ski = ±1)- Then 

m m 

= {uo,]jRAcT,ki)-'^^^''^''^i,Os-iJs,o;\K\{]jRAa,kir'^^^^^^ 
1=1 1=1 

if Qs is not the starting point of a. If Qs is the starting point of a, then the code 

c{{'-f)H{a)'^) is equal to 

m—l m — 1 

1=1 1=1 
if 02 = ^7-1' where 



and 



W = 

= (a2, . . . , Qn-l) V-)('^2, • ■ • , an-l)~^^(a+)(«2, • ■ • , an_l)6^^_) (02, • . • , On-l)"^), 

and c((7)iy((T)'') is equal to 

m m 

1=1 1=1 
if 02 7^ ^7-1' where 

{(Os-i,5o(f7),o7ii) ifa2 = C^i, 

(Os_l,/s,5o(c^),C^<57-l) if «2 = /s+1, 

(Os_i, /s, 07^5o((t), Os, 07^1) if 02 = 

Without loss of generality, we can assume that v ^2. In addition, it is easy to 
see that Cr{ro-,kir~l.^) 7^ for ki 7^ kj, since Cr{o-) is the reduced code. Therefore, 
Cr{{'y)H{a)'^) ^ Cj.(7) = {uo,Og-i,ls,o~^ ,hj^ ,Uq^). Lemma 5.4 is proved. 
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The diffeomorphism h representing the element G e C{X) C Bp[D,K] is 
defined up to isotopy, hence by Lemma 5.4 we can assume that h{ai) = ai, h{qi) = 
Qi for i = 1, 2. 

Let us show that there exists a diffeomorphism g2 representing an element 
G2 e Ci{X) such that g2 o h leaves fixed the paths ai and (J2. In fact, consider 
the path h{a2)- The point q2 is the starting point of this path and some point 
Qr ^ Qi, (I2 is the end point. Let s : [0,1] ^ D he a, parametrization of this path 
such that s(0) = qr- Consider the reduced code Cr{h{a2)) = {ai, . . . ,an) of the 
path h{a2), ai = q^, an = q2^ ■ Let for some i the symbol be equal to o^"*^, where 
1 < j < p. We choose among all such i an index iq such that a^g = o^^ for which 
the following conditions are fulfiled: 

(i) if Jo = 2, then there is no other intersection point of h{a2) and (T2 lying in 
(72 between s(ijo) and gs ; 

(ii) if jo = r, then there is no other intersection point of h{a2) and cr^ lying in 
(Tr between s(tiQ) and qr ; 

(iii) if jo = r + 1, then there is no other intersection point of h{a2) CTr+i lying 
in CTf+i between s{ti^) and qr+i', 

(iv) if jo 7^ 2, r, r + 1, then there is no other intersection point of cr^g and h{a2) 
lying in (Tj^ between either qj^ and s(iio) or s{tii^) and Q'jo+i- 

Consider one of these cases (the other cases are similar). For instance, let jo 7^ 
2, r, r+1 and assume that there is no intersection point of ctjq and h{a2) lying on aj^ 
between qj^ and s{ti^). Denote by h{a2) a path consisting of a part of h{a2) starting 
at qr and ending at s{tig) and a part of (Tj„ starting at s(tio) and ending at qj^^. Let 
us choose a smooth path a, sufficiently closed to h{a2) such that a connects qr and 
g^Q, h{a2) r\a = {qr, qjo}, and such that if we move along a starting at qr, then the 
path h{a2) is situated to the right from a. Perform a half-twist H{a) G Ci{X). Let 
a diffeomorphism hi be a representative of H{a). It is easy to see that hi{h{a2)) is 
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isotopic to the path having the following code c{hi o h) = (ao, . . . , a^_iQ_i), where 
I is a non-negative integer, So = qj^., cbj — aj+jQ+z. 

Denoting again by h the diffeomorphism hi o h and repeating the process 
described above, we can assume that the code c(/i((T2)) = (ao, . . . , a^) of the curve 
/i((T2) satisfies the condition: for any i the symbol ai ^ o^^, where < j < p. 
We can assume for definiteness that ai = Ir+i and a^-i = (the other cases are 
similar). In this case, it it is easy to see that 

c{h) = {qr, Ir+i • • • , /p-1, o~^,h~\, ...,h^^,o^, lo, q^^). 

It is easy to check that the path {h{a2))Ar,p o A^^p o Af 2 is isotopic to (T2. But 
Ar,p o A3,p o A?,2 e C2iX) C Ci(X). Thus, multiplying G by A^,p o Ag^^ o A? 2, 
we can assume that the diffeomorphism h representing G e C{X) leaves fixed the 
path Li,3. 

Repeating the stated above consecutively for (73, . . . , crp_i, cto, we can assume 
that the diffeomorphism h representing G e C{X) leaves fixed the path Lo,p = 
(To U Li^p. In this case considering the code of the path h{ap), it is easy to see that 
h{ap) is isotopic to ap in {D,K). Therefore we can assume that h leaves fixed the 
diameter Lo,p+i = ao Li Li^p U ap. But in this case, /i is a representative of the 
identity element of Bp[D,K]. Thus, Ci(X) = C{X). 

To prove that Ci{X) = C2{X), it is sufficient to show that if a half-twist H{a) 
is given by a simple path a starting and ending at K and non- intersecting with ai , 
then H{a) G C2{X). 

We note that, for any G e Bp[D,K], the element G~^H{a)G is a half-twist 
given by the path {a)G. Therefore, to prove that any such half-twist H{a) G C2{X), 
one repeats the arguments stated above using induction on lc{a). 

§6. Smooth isotopy of fiber space. 

Let M be a smooth variety. By definition, a diffeomorphism F : M x [0,1] ^ 
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M X [0, 1] (or simply Ft : M ^ M) is a smooth isotopy if 

(1) F{M X {t}) = Mx{t} for all t e [0, 1] ; 

(2) Fq = F\Mx{o} : M X {0} ^ M X {0} is the identity map. 

Without loss of generality, we shall assume that the isotopy Ft satisfies an additional 
condition 

(3) Ft = Fo if ^ < £ and Ft = Fi if ^ > 1 - £ for some £ > 0. 

Indeed, instead of a smooth isotopy Ft, we can consider a smooth isotopy Ft = Fh{t)i 
where h : [0, 1] [0, 1] is a smooth monotone function such that h{t) = if t < £ 
and h{t) = 1 if t > 1 - £. 

By definition, the composition of smooth isotopies F/ and F/' is the smooth 
isotopy Ft = F/' o F/ given by Ft = F^^ if t < i and Ft = F^[_^ o F{ if t > ^ . 

Let U he a neighbourhood in M and dU its boundary. Let Ft : U ^ U 
be a smooth isotopy. It is evident that if the restriction of F^ : C/ — > C/ to a 
neighbourhood of dU is the identity map for all t G [0, 1], then Ft can be extended 
to a smooth isotopy Ft : M ^ M such that Ft\M\u is the identity map for all t. 

Let Bi and B2 be two plane curves. As in Section 1, let 

Ki{x) — {y I (x, y) e Bi} , i = 1, 2 , {Ki{x) = projection to y-axis of 7r~^(x) Pi 

Bi), 

Ni = {x\#Ki{x)<p}. 

Ml ^ {{x,y) e Bi\ TT \ ^ is not etale at (x, y)} (tt(M') = Ni). 

Let Eji (resp. Dfi) be a closed disk of radius R with center at the origin o on 
X-axis (resp. y-axis) such that M- C Eji x Dji, Ni C Int(F). 
Assume that ij^Ki{o) = p. 

For each Uij G Ni, j = 1, . . . ,n, we choose a disc Eij of small radius e <^ 1 
with center at Ui^ and choose simple paths Tj 1, . . . , Tj^^ connecting Uij with o such 
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that < Tj^i, . . . , Ti^n > is a bush. For each j = 1, . . . , n we choose a small tubular 
neighbourhood Ui_j of Tij and choose a disc Eg of radius e <^ 1 with center at o 
such that 

(1) Uij, n Uij, C Eo for ji ^ 21 ; 

(2) Ei^^r\Eo = %ioY^\\y, 

(3) the set 

n n 

Uv, = i\]V,^,)\MX}E,^,)^E, 
i=i i=i 

is diffeomorphic to a disc and its boundary dU^^ is a smooth simple loop. 

Such will be called a tubular neighbourhood of a g^-base = (Z(Tj i), . . . , Z(Tj „)) 
of the fundamental group Tii{Eji \Ni,o). 
The following lemmas are well-known. 

Lemma 6.1. In the notation described above, for Ni C Eji, i — 1, 2, let f/rj be two 
tubular neighbourhoods of g -bases Fj of 'Ki{Eji \Ki,o). Assume that #A^i = #iV2- 
Then there exists a smooth isotopy ft : Er — > Er, t e [0, 1], such that 

(1) ft is the identity map in a neighbourhood of the boundary of Er ; 

(2) ftio) = oforallte[0, 1] ; 

(3) fi{Eij) = E2,j for each j = 1, . . . , n . 

(4) /i(C/rJ = t/r.. 

Lemma 6.2. The isotopy ft from Lemma 6.1 can be extended to a smooth isotopy 
Ft : Er X ^ Er X such that 

(1) Ft\EnxDn = ft X Id ; 

(2) Ft is the identity map outside Er x D2R ■ 

Lemma 6.3. Let smooth real functions a{u,v), P{u,v) satisfy the following in- 
equalities 

£1 + £2 < Q:{u, v) < 1 - ei - £2; 
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£l + £2 < v) < 1 - El - €2 

for all {u,v) E El = {y/u^ + ^1} (^''T'd for some positive £i,£2 ^ 1- Then 
there exists a smooth real function f(a,f3)t{^:'^j'v)^ {^I't-iU^v) e [0,1] x [0,1] x Ei, 
satisfying the following conditions: 

(1) ft{z, u, v) is a monotone function for each fixed {t, u, v) e [0, 1] x Ei ; 

(2) ft{z,u,v) = zifO<z<ei; 

(3) ft{z, u,v) = zifl-ei<z<l; 

(4) ft{z, u, v) — z + t{(3{u, v) — a{u, v)) if a{u, v) — 82 < z < a{u, v) + £2- 

Proposition 6.4. Let B — {bi{x), . . . ,bp{x)) be a collection of non-intersecting 
sections of the projection tt : E x Dji —>■ E — {x & \ < 1} . Then there exists 
a smooth isotopy Ft : E x Dr E x such that 

(1) Ft{x, y) = {x, Ft,x{y)) for all t and x ; 

(2) Fi (B) is a collection of constant sections. 

Moreover, if all bj{x) are constant sections (equal to bj) over a neighbourhood of 
the boundary of E, then the isotopy Ft can be chosen in such a way that 

(3) Ft is the identity map in the neighbourhood of the boundary of E x for 
t e [0, 1] ; 

(4) Fi{xM^)) = {x,bj). 

Proof. The Proposition follows from the the following Lemma. 

Lemma 6.5. Let B = {bi{x), 62, ■ • ■ > bk) be a collection of non-intersecting sections 
of the projection tt : E x Dji E = {x & €} \ |x| < 1} such that b2, ■ ■ ■ ,bk are 

constant sections. Then there exists a smooth isotopy Ft : E x E x such 

that 

(1) Ft{x, y) = (x, Ft^x{y)) for all t and x ; 

(2) Ft{x, bj) — {x, bj) for all t and j ; 
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(3) Fi{x,bi{x)) is a constant section. 

Moreover, if bi (x) is a constant section ( equal to hi ) over a neighbourhood of the 
boundary of E, then the isotopy Ff can be chosen in such a way that 

(4) Ff is the identity map in a neighbourhood of the boundary of E x Dji for 
te[0,l]; 

(5) Fi{x,bj{x)) = {x,bj). 

Proof Consider the set S = {y E \ y — bi{x), x E E} . At first, assume that 
we can find a simply connected neighbourhood U C Dji of S such that bj ^ U 
for J = 2, ... , k. By Riemann's Theorem, there exists a complex- analytic bijective 
morphism (p : U ^ Ui, where Ui — {z — Zi+iz2 E C \ < zi < 1, < ^2 < 1, } • 
Since S is a compactum, then there exist £i , £2 > such that 

ei + 82 < Zi < 1 - Si - S2, I = 1,2, 

for zi + iz2 e <fi{S). We have two smooth functions ai{x), a2{x), where ip{bi{x)) = 
ai{x) + ia2{x), satisfying 

£1 + £2 < ai{x) < 1 - £1 - £2. 

By Lemma 6.3, for any two smooth functions Pi{x) and /32{x) (for instance, if /3i{x) 
and P2{x) are constant functions such that (p{bi) = Pi + 1^2) satisfying 

ei+S2< Pi{x) <1- 81-62, ^ = 1,2, 

there exists a smooth isotopy Ft : E x Ui ^ E x Ui given by 

F:{x)=x; 

F*izi) = f(ai,/3i)th{\x\)izi,U,v) ; 
Ft{z2) = f{a2,p2)th{\x\)iz2,U,v) , 
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where u + iv = x, f(ai,i3i)t{zi^ u, v) is a function described in Lemma 6.3, and h{r) 
is a smooth monotone real function such that h{r) = 1 if r < e and h{r) = if 
r > 1 — s. It is easy to check that the constructed isotopy Ft satisfies properties 
(1) - (4) of Lemma 6.5. 

If S is not "wound" around every point bj, j = 2,...,k, then we can find 
such a simply connected neighbourhood U of S. Otherwise we will show that 
there exists a sequence of isotopies which "unwinds" S. To show this, we fix the 
point xq = 1 G E. Let ^{t) — xt he a smooth simple (without self- intersections) 
path joining xq with a point xi e E. Denote by nj^j{xi) the integral part of the 
number of rotations around the point bj of a point moving along the path bi{^{t)). 
Evidently, 'nj{xi) = nj^^{xi) depends only on the point xi, and not on 7 joining xq 
and xi, since E is simply connected and bi{x) is a smooth function. Denote by 

En2,...,nk ={xe E I nj{x) = nj, j = 2,...,k} 

and let -Emax (resp. E^i^) be the set -E^o . .^ng) where is a local maximum (resp. 
minimum) of nj{x) for all j. Evidently, if -Emax = -Emin = -E'0,...,0) then we can find 
a simply connected neibourhood U oi S such that bj ^ U lor j = 2, k. 

Denote by Ij the line passing through bi and bj and choose a coordinate Uj 
in Ij such that Uj{bi) = , where bi = bi{xo). Let Ij = Ajiji + Bjy2 be a linear 
function such that Ij { / 1/2) = }, where yi — Yley and 1/2 = Imy. 

Let 

Sj — S P[ {y &lj I Uj{y) < Ujipj) if Uj{bj) > and Uj{y) > Uj{bj) if Uj{bj) < }. 

k 

Denote hy Cj = {x & E \ y = bi{x) E Sj} . Consider G = E \ [j Cj which is a 

i=2 

disjoint union of a finite number of connected components. Any two neighbouring 
Gm and Gi are separated by the connected component C° of Cj for some j. If 

nj{m) = rijil), where nj{m) = nj{x) for x e Gm, then we change Gm and Gi to 
the union G„ U U C°. 
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Evidently, there exists a connected component of G whose boundary dG^ 
is connected and therefore, G^ is simply connected. Moreover, it is easy to see that 
there exists a simply connected neighbourhood Uoof{ye Da \ y = bi(x), x E g'^ } 
such that bj ^ Uq for j = 2, . . . , k. There is jo such that dG^ is a subset of 
{^jo(^i(^)) — 0}- -By choice of G^, we can assume that ljo{bi{x)) > for all 
X E G^. Since Zjo(6i(a;)) is a smooth function, then the set = 5 } is a 

smooth curve for 5 close to 0. Therefore, without loss of generality, we can change 
G^ by a set G^ such that 

(1) G° is closed to G^ and contained in G° ; 

(2) the boundary of G'^ is the subset of {ljo{bi{x)) = 5} for some S < and 
close to ; 

(3) the closure of is contained in Uq, where Uq is a simply connected 
open set such that bj ^ Uq ior j — 2, . . . , k . 

As above, we can find holomorphic coordinate z = zi + iz2, z = ip{y), in Uq 
such that ?7o — {0<2i<l}x{0<2;i<l}. Evidently, for the closure G^ of 
G^ there exist smooth functions a : G^ Uq, z = (fi{bi{x)) = ai{x) + ia2{x), and 
P{x) = /3i{x) + i(32{x) such that f3{x) = (f{bi{x)) for x lying in a neighbourhood 
of dG^ and lj^{J3{x)) < for all x E G^ . As above applying Lemma 6.3, we can 
find a smooth isotopy : G^ x Uq ^ G^ x Uq such that Fi[x,bi{x)) does not 
meet the set {{x,y) \ x E G^, y E Lilj} and such that Ff is the identity map in a 
neighbourhood of the boundary of G^ xUq. Hence this isotopy can be extended to 
the isotopy of E x Dr. Evidently, for the image Fi{bi{x)) of the section bi{x), we 
can repeat the construction of the set G and observe that the number of connected 
components of G is decreased. Hence, after several similar steps, we construct the 
desired isotopy as the composition of isotopies constructed in each step. 

From the consideration described above, the following remark follows. 

Remark 6.6. Let C G D be a connected set such that the closure C and the 
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boundary dD of D have a non-empty intersection. Assume that bi{x) = hi for 
X & C. Then on each step (except the last one), can be chosen in such a way 
that C^G^. 

The proof of Lemma 6.5 in the case when b\{x) is a constant section over a 
neighbourhood of the boundary of D foUows from Remark 6.6. □ for Lemma 6.5 

Remark 6.7. Let B\ = . . . , b\^p{xj) and B2 = (&2, 1(2^)5 ■ ■ ■■, b2,p{x)) be two 

collections of non-intersecting sections of the projection ir : E x Dr E = {x & 
I \x\ < 1} such that for all j the sections bij{x) and b2j{x) coincide over a 
neighbourhood U of the boundary of E. It is easy to see that the smooth isotopies 
Fl : Ex Dn Ex Dn for Bi and F/' : E x Dr Ex Dji for B2 from Proposition 
6.4 can be chosen in such a way that and F^' coincide over U. 

Let B = {bi{x), . . . ,bp{x)) be a collection of non- intersecting sections of the 
projection n : E x E — {x \ \x\ < 1}. Denote by 

Ue{bj{x)) = {{x,y) eDxEr I \y- bj{x)\ < e} 

a tubular neighbourhood of the section bj{x) and put Ue{B) = \JUe{bj{x)). Let 
Ft : E X Dn E X Dr be a smooth isotopy. Consider a smooth map F/ : 

Ue{B) x%l]^ ExDrX [0, 1] given by 

F[{x,y) = {x,y+{Ft{hj{x)) - b,{x)) 

if {x,y) e Ue{bj{x)). We observe that F^^ = F^i^. 

Using the standard technique of pasting together vector fields, one can prove 
the following 

Lemma 6.8. Let an isotopy Ft : E x Dr E x Dr have properties (1) — (4) of 
Proposition 6.4- Then for some £1 <C £ the map F/ : Ue{B) x [0, 1] Ex Dr x [0, 1] 
can be extended to an isotopy Ft : E x Dr E x Dr having properties (1) — (4) 
of Proposition 6.4- 



34 VIK. S. KULIKOV AND M. TEICHER 

Lemma 6.9. Let Bi = {bi^i{x), . . . ,bi^p{x)) be two collections of non-intersecting 
sections of the projection tt : E x Dr E = {x \ < 1} . Then there exists 

a smooth isotopy Ft : E x E x such that 

(1) Ft{x, y) = (x, Ft,x{y)) for all t and x ; 

(2) for each j there exists a neighbourhood Uj of the section bj{x) such that 
Fi\ij. is holomorphic in y ; 

(3) = B2 over Er^ C E for some Ri <1. 

(4) Ft is the identity map in the neighbourhood of the boundary of E x Dr for 

[0,1]. 

Proof. By Proposition 6.4 and Lemma 6.8, there exists a smooth isotopy Ft : E x 
Dr Ex Dr having properties (1) - (2) of Lemma 6.9 and such that Fi{Bi) — 82- 
Let h{r) be a smooth monotone function such that h{r) = lifr<i2i<l — e and 
h{r) = if r > 1 — £. Then Ft{x^y) = F^(|3;|)t(a;, ?/) has all properties of Lemma 
6.9. 

Lemma 6.10. Let Bi = {bi^i{x), . . . , bi^p{x)) be two collections of non-intersecting 
sections of the projection tt : E x Dr E — {x E \ xi = Rex & [0,1], X2 = 
Imx e [0, 1] } such that over E^ = {0 < xi < e} x {0 < X2 < 1} d {1 - e < 

2^1 < 1} X {0 < a;2 < 1} the sections {bi^i{x), . . . , bi^p{x)) = (62,1(2^)5 • • • , ^2,p(a^)) = 
{bi, . . . , bp) are coinciding constant sections. Let the geometric braids 

-Si = (6i,i(a^i),...,6i,p(a;i)) and H2 = (&2,i(^ci), • ■ • , &2,p(iCi)), xie[0, 1], 

are two representatives of the same element in the braid group Bp. Then there 
exists a smooth isotopy Ft : E x Dr E x Dr such that 

(1) Ft{x, y) = {x, Ft^M) for all t and x ; 

(2) for each j there exists a neighbourhood Uj of the section bj{x) such that 
Fi\Uj 'i'S holomorphic in y ; 
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(3) Fi{Bi) = B2 over {0 < xi < 1} x { \x2\ < £2 } for some £2 > 0. 

(4) Fi is the identity map in the neighbourhood of the boundary of E x Dr. 

Proof. By Proposition 6.4, there exists a smooth isotopy Ff such that Fi{bij{x)) = 
bj, j = 1, . . . ,p, are constant sections. 

Fix the point xq — (0, 0). As above, for each section Fi (62,^0 (^)) can define 
a function njf^j{x) equals to the number of rotations around bj. Evidently, Fi{Bi) 
and Fi{B2) are also the representatives of the same element in Bp. Therefore, for 
each section Fi (62,^0 (^)) the number of rotations njQj{x) = for x e {1 — e < a;i < 
1} X {0 < 3:2 < 1}. Therefore, Lemma 6.10 follows from Remark 6.6 and Lemma 
6.9. 

§7. Braid monodromy factorization types and diffeomorphisms of pairs. 

Consider a linear projection tt : CP^ —>■ CF^ with center at 2; G CP^. 

Definition. Semi-algebraic curve (with respect to tt) 

A closed subset B C CP^, z ^ B, is called a semi-algebraic curve with respect 
to TT, if for each point x E B there exist a neighbourhood U C CP^ of x and local 
analytic coordinates {zi, Z2) in [/ such that 

(1) TT^u is given by 7r(2;i, Z2) = zi; 

(2) either B (lU is a, smooth section of 7i\i/ over 7r(?7), or B nU coincides with 
a set given by the equation f{zi,Z2) = 0, where f{zi,Z2) is an analytic 
function. 

A semi-algebraic curve is (generalized) cuspidalii in (2) the function / coincides 
with f = Zi — Z2^ A; e N. The point (0, 0) in a neighbourhood of which B is given 
by -^1 — ^2 = is called a singular point of B. 

Obviously, any algebraic curve B C CP^ is a semi-algebraic curve with respect 
to a generic projection. 
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As in the algebraic case, we can resolve the singular points of a semi-algebraic 
curve B by means of a composition of d-processes u :F —>■ F'^ (we needn't resolve 
the tangent points of B with the fibers of tt) and obtain a non-singular Rimannian 
surface S C P . The composition (tt o u)^-^ : B ^ ¥^ allows us to introduce a 
complex structure on B such that (ttou)^-^ is a holomorphic map, but u^-^ : B —>-F'^ 
is not holomorphic and it is a C°°-map only. 

It is clear that as in the algebraic case one can define the braid monodromy with 
respect to tt, braid monodromy factorization, and braid monodromy factorization 
type for any semi-algebraic curve. 

Let (T : Fi ^ CP^ be cr-process with center at z, L = a~^{z). Denote again by 
TT : Fi ^ CP-*^ the composition n o a. 

Theorem 7.1. Let two (generalized) cuspidal semi-algebraic curves Bi and B2 
have the same braid monodromy factorization type A{Bi) — A{B2). Then there 
exists a smooth isotopy : Fi — > Fi such that 

(1) Ff^if is the identity map for all t e [0, 1], where U is a neighbourhood of the 
exceptional curve L; 

(2) for each point p e Bi there exist neighbourhoods Ui of p and U2 = Fi{Ui) 
of Fi{p) with local complex coordinates {xi,yi) in Ui such that n^i/. is given 
by {xi,yi) >—>■ Xi and F^*(j/2) = <P{xi,yi) is a smooth complex function holo- 
morphic in yi ; 

(3) for each singular point s & Bi there exists a neighbourhood U C Fi of s 
such that Fi^if : U — > Fi{U) is a holomorphic map; 

(4) Fi(Si) = (S2). 

Corollary 7.2. Let two (generalized) cuspidal semi-algebraic curves Bi and B2 
have the same braid monodromy factorization type A (Si) = A(S2). Then there 
exists a diffeomorphism of pairs F : (CP^,i3i) (CP^,i32) having properties (2) 
and (3) of Theorem 7.1. 
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Proof. An isotopy : Fi — > Fi is called compatible with a semi-algebraic curve B 
(with respect to tt) if Ft{B) is a semi-algebraic curve B with respect to tt for each 

te[0,l]. 

The required isotopy Ft will be obtained as a composition of a sequence of 
smooth isotopies compatible with Bi. 

Without loss of generality, we can assume that Bi and B2 are embedded into 
the same Fi and they are (generalized) cuspidal semi-algebraic curves of degree 
p with respect to tt. We fix a point 00 e CP^ such that 7r~^(oo) is a generic 
fiber of TT with respect to each Bi and B2. Denote by = CP-^ \ {00} and 
C2 = Fi \ (7r-i(Ci) U L). We choose coordinates {x, y) in such that tt : ^ C 
is a projection on the first coordinate. 

As in Section 6, let Ki{x) = {y | {x,y) e B^} , i = 1,2, {Ki{x) = projection 
to j/-axis of 7r~^{x) fl Bi), Ni = {x \ ^Ki{x) ^ p}, 

M- = {(x, y) e 5j I TT I „ is not etale at (x, y)} (7r(M-) = NA. 

I I ±>^ 

Let En (resp. Dji) be a closed disk of radius R with center at the origin o on 
X-axis (resp. y-axis) such that M- C Er x Dr, Ni C Int(F). 
Assume that ij^Ki{o) = p. 

For each Uij G A^^, j = 1, . . . , n, we choose a disc Eij of small radius e <S 1 
with center at Uij and choose simple paths T^^i, . . . , T^^^ connecting Uij with such 
that < Ti^i, . . . , Ti^n > is a bush. For each j = 1, . . . , n we choose a small tubular 
neighbourhood Ui,j of Tij and choose a disc Eg of radius e <^ 1 with center at o 
such that 

n n 

Ur, = {[JUij)U{\jEij)UEo 

j=i j=i 

is a tubular neighbourhood of a g-heise Fj = (/(T^^i), . . . , l{Ti^n)) of the fundamental 
group 7ri(£;fl \Ni,o). 

By Lemmas 6.1 and 6.2, we can assume that Ei^j = { a; G | |a; — Xi^j\ < 2}, 
where Xij is the coordinate of Uij. 
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Without loss of generality, we can assume that Ti^j n Ei^j is a radius in Ei^j. 
We extend this radius to the diameter di^j and denote by Ti^j the path continuing 
Ti^j along this diameter, Tj^j C Tj,j. 

Step I. Since Bi and B2 have the same braid monodromy factorization type, 
then by Lemma 3.1 we can choose (and fix) ^r-bases Fj, i = 1, 2 , such that the braid 
monodromy factorizations A (Si) and A(S2) associated to them are conjugation 
equivalent. 

Lemma 7.3. Let B (Z ¥1 be a semi-algebraic curve and let Ft : ¥1 ^ Fi be a 

smooth isotopy compatible with B such that Ft is the identity map over the comple- 
ment of a neighbourhood U C CP-*^, a ^ U. Then B and Fi{B) have the same braid 
monodromy factorization. 

Proof. A family of homomorphisms (pt : 7ri{E\N, 0) — > -Bp [Co, K] induced by Ft is 
continuous. Therefore, the braid monodromy factorizations corresponding to Ft{B) 
do not depend on t, since Bp[Co, K] is a discrete group. 

By Lemmas 6.1, 6.2, and 7.3, there exists a smooth isotopy : Fi — > Fi 
having properties (1) — (3) of Theorem 7.1 and such that 

(1) Fi([/r, X 7r-i(f/rJ) = Ur, x 7r-\Ur,) ; 

(2) Fi(iVi X 7r-i(iVi)) = 7V2 X 7T-\N2) ; 

(3) the types of singular points sij e Fi{Bi) and S2j G B2 coincide over the 
point X2J = Xj E N2 — N; 

(4) Bi and Fi{Bi) have the same (up to conjugation equivalence) braid mon- 
odromy factorization. 

Denote again by Bi its image Fi{Bi). 

Step II. By Lemma 6.9, there exist smooth isotopies F/ : Fi — > Fi and 
FI' : Fi ^ Fi having properties (1) - (3) of Theorem 7.1, and such that F{{Bi) 
and Fl'{B2) coincide over Eq, where Eg is a disc with center at the origin in C-*^. 
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Moreover, we can assume that and F{'{B2) are constant sections over Eg-. 

K{u) = {y^ eDR \ yj^2j-l,j EZ,0<j <p-l} 

for all u & Eq. 

Denote again by and B2 their images F[{B\) and F{'{B2)., respectively. 

Remark 7.4. The isotopies F/ and F/' change braid monodromy factorizations 
associated to Bi and B2 to conjugation equivalent factorizations, but they do not 
change their braid monodromy factorization types. 

We fix a frame (cri, . . . , (Tp_i) of Bp[Cl, K{o)], 

(jj = [2j -3,2j-l] = {yeC^ \2j-3<Rey<2j- 1, Imy = 0}. 

Step in. In Ki{uj) = . . . , Qi^p-i} let the point qi^i be the singular point 
of Bi, where uj is the center of the disc Ej = Eij = E2J defined in the definition 
of tubular neighbourhood of ^-base. 

Lemma 7.5. Let B = {f{x, y) = 0} 6e a germ of an analytic curve inU = E^xD^ 
and let (0,0) be a singular point of B of multiplicity 2 in direction x = const (that 

is, n {{u} X Di)) — 2 for each u G Eg). Then there exists a smooth isotopy 
Ft : U ^ U such that 

(1) for all t & [0,1], Ft = Id in a neighbourhood of the boundary of U ; 

(2) there exists £1 <C £ such that Fi(B) nV — {y"^ — x^ — 0}, where V = 

(3) Ft\v is holomorphic for each t . 

Proof. By Weierstrass Preparation Theorem we can assume that B is given in U 

by 



(1) 



y"^ + hi{x)y + h2{x)^Q, 
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where hi{x) are analytic functions. Write (1) in the form 

(y + lh,{x)f - i^hlix) - h^{x)) = {y + g,{x)f - x^g^{x)) = 0, 

where g2{0) = c = re**^ ^ 0. 

Let F( be an isotopy given by Fl{x,y) = {x,y + th{\x\)gi{x)), where h{r) is 
a smooth monotone function such that h{r) = 1 if r < £i -C £ and h{r) = if 
r > £ — £i, 

One can show that a smooth map F/' : E'e^ x [0, 1] ^ x [0, 1] given by 

F^'ix) = x{{l + (r - l)t)e'''^ + t{g2{x) - c))^/'^ 

can be extended to a smooth isotopy F/' : x [0, 1] — * i?e x [0, 1] such that F/' is 
the identity map in a neighbourhood of the boundary of Eg. Then the composition 
Ft = F/' o F/, where F/' is given in U by 

Fl'{x,y) = {Fl'{x),y), 

satisfies the conditions of Lemma 7.5. 

By Lemmas 6.9 and 7.5, there exist smooth isotopies F/ : Fi — > Fi and F/' : 
Fi — > Fi having properties (1) - (3) of Theorem 7.1 and such that 

n 

(1) F{{Bi) F{'{B2) coincide over \J E'j, where E'j C Eij = E2,j = Ej are 
some smaU neighbourhoods of Uij = uj; 

(2) by Lemmas 6.1 and 6.2, we can assume that Ej — {x & \ \x — Xj \ < 2}, 
where Xj is the coordinate of the point Uj] 

(3) in a neighbourhood of {xj,0) the curves F{(i?i) and F('(i?2) are given by 
the equation y"^ — {x — Xj)'^ ; 

(4) all other p — 2 branches of F{{Bi) (resp. F{'{B2)) are constant sections over 
E'- and 

Kiuj) = { yi = -1, . . . , = 2j - 3, . . . , yp = 2p - 3 }. 

for Uj = {x'j = Xj 
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Denote again by Bi and B2 their images F[{Bi) and F('(i?2) respectively. Without 
loss of generality, we can assume that u'j e Tj. Denote by u'J a point lying in the 
diameter Tj fl Ej such that u'J is symmetric to u'j with respect to the center Uj . Let 
dj be a part of the diameter connecting u'j and u" . 

Step IV. By Lemma 7.3 and Remark 7.4 the isotopies described above do not 
change the braid monodromy factorization types of Bi and B2. Write the braid 
monodromy factorizations of the curves Bi and B2 associated to the g-hase T fixed 
above: 

n 

= Y[Qj^(Ji'Qj for 5i; 

n 

= n Q~^QJ^(^iQjQ for B2. 

We show that in our case there exists a smooth isotopy : Fi — > Fi having 
properties (1) - (3) of Theorem 7.1 and such that 

(1) Ft is the identity map over the complement of the neighbourhood Ug of the 
point o ; 

(2) Fi{Bi) = B2 over a neighbourhood U^dUo; 

(3) Fi{Bi) and B2 have the same braid monodromy factorization. 

In fact, let 

K = {yjeC^ I yj = 2j-3,j = l,2,...,p}. 

The half- twist Hj = H{aj) e Bp = Bp[Cl, K{o)] can be represented by a geometric 
braid aj(si) in x [0,1]: 

^jA^i) = ^ for ^ = I,- - - jj - 1, J + 2, . . 
ajj+M) = e'"'^'^'^' + 2j-2, 
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where si G [0, 1], /3(si)is real smooth monotone function such that = for 

si e [0, |] and /3(si) = 1 for si > |. 

The element can be represented by a geometric braid aj^{si) in C"*^ x [0, 1] : 

= 1 for i = 1,.. .,j - 1, j + 2,...,p; 

The product Q = H^l-...- H^l , where Si = ±1, can be represented by the geometric 
braid Q{si) in x [0,k] : 



_s 



Qi{si) = - m + 1) for si e [m - 1, 



m 



Let [/' C t^o be a neighbourhood of o for which there exists a diffeomorphism 
: [/' ^ y = {-1,2k + 1) X (0,2), (^(o) = (0,0). Obviously, the paths Tj 
representing the bush can be chosen in such a way that (p{Tj fl U') C { {vi,V2) G 
V \vi < }. Let a{r), r ^ 0, be real smooth monotone function such that a(r) = 1 
for r e [0, |] and a{r) = for r > |. For Q = a^^ ■ . . . ■ ct^^ consider a smooth 
isotopy Fq ^ : V X Er ^ V X Er, where 

and F is given by functions 

F {si,S2,y) = (si,S2,/,_^i {si,S2,y), 

where 

,(S1,S2,1/) = 

I/, Si < / - 1 ; 

2j -2 + {y- 2j + 2)e^''^i"(^2)/3(si-z+i)a(|y-2i+2|)t ^ / - 1 < Si < / ; 
2j - 2 + (y - 2j + 2)e^'^'5^«(^2)a(|j/-2i+2|)t ^ > ^ 
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if / < A;, and 

/,_^,- ,(si,s2,y) = 

{I/, si>l; 
2j -2 + {y- 2j + 2)e*^'^^"(^2)/3(i-si)a(|y-2i+2|)f ^ l-l<si<l; 
2j -2 + {y- 2j + 2)e^^'^J«(^2)a(|y-2i+2|)t ^ Si < / - 1 

if Z > A; + 1. One can check that 

(1) Fq ^ is the identity map over a neighbourhood of the boundary of V for all 

t; 

(2) Fq,i(B) = Q, where B = {h{x{si,0)) = 1, . . . ,bp{x{si,0) = 2p - 3}, < 
si < k, is the trivial geometric braid. 

(3) Fq ^{B) = {(si, S25 —1)) (si) S2, 1), • ■ • , (si, S2) 2p — 3)} are constant sections 
over 

{k-^<si<k+^}x{0<S2<2}; 

Such isotopy Fq ^ will be called a Q -twisting-untwisting of constant sections 
with support (fi~^{V) and with center (Vo,zo), where Vq = (f~^{{k — | < si < 
/e + |} X {0 < S2 < 2} and zq = (p-^((k, 0)). 

Let Fq ^ = ip*{Fq Denote again by Bi its image Fq ^(-Bi). 

In the notation of the definition of gi-base F and its tubular neighbourhood, 
we change the g'-base T to an equivalent one taking zq instead of a, changing each 
path Tj to a path starting at zq and coinciding with Tj outside the disc Eg. We 
change Eg to a disc E^^ C Vq with center at zq and choose new neighbourhoods Uj 
contained in the old neighbourhoods Uj. In the sequel, we denote again by a the 
point Zq- 

By construction of the Q- twisting-untwisting Fq ^, the braid monodromy fac- 
torization of the curve Bi will be 

n 
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that is, the braid monodromy factorizations of the curves Bi and B2 coincide. 

Step V. Let u'j be the point chosen in Step III, Uj e Tj , and let C/p C C/r be a 
tubular neighbourhood of the ^-base F such that t/f fl U{dUr) = 0, where U{dUr) 
is a neighbourhood of the boundary dUr of Ur- 

Let us show that there exists a smooth isotopy Ft : Fi ^ Fi having properties 
(1) - (3) of Theorem 7.1 and such that 

(1) Ft is the identity map over the complement of Ur ; 

(2) Fi(Si) = B2 over C7f C t/r- 

To show it, for each j consider the geometric braids 

Bi = {bij,i{x), bij,p{x)) and B2 = {b2,j,i{x), b2,j,p{x)), 

where x is moving along C Tj starting at o and ending at u'^. These geometric 
braids are representatives of elements /3ij E B[Co,K], i = 1,2. Since the corre- 
sponding factors of the braid monodromy factorizations for Bi and B2 coincide, 
then 

Thus, Pj = /3i,j/32,j e C{H'^'). By Theorem 5.1 the element /3j can be written in 
the form 

s 

where each fXj i coincides with either Hr^'\ where 5j^i = ±1 and r = 1,3, ... ,p, or 
a full-twist r = 3, . . . ,p, defined by the system of paths {ai, . . . , ap-i). 

To each such Pj we associate a "twisting- untwisting" of V^- x C-*^ similar to the 
one described in Step IV. Namely, we consider again Vj = {—l,2kj + 1) x (0,2), 
and for each Hj^i we define a smooth isotopy 

Fj,^.,„t :VjxC^ x C, 
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and associate to (5j — \Xj^\ . . ■lJ'j,kj the composition 

as follows. If fij^i = H{arY^'\ then Fj^i^^-^^t = F^_Sj i ^ which was defined in 
Step IV (the number k in the definition of F s^j is equal to kj in our case). If 

2(5 

jjij^i = A J then Fj^i^^. is defined similarly, namely, it is given by 
where 

(y. 

if Z < kj, and 

/, (si,S2,y) = 

{y, Si > / ; 

r-2 + {y-r + 2)e2^'''^^-.'°=(«2)/3(«-si)7(|y-r+2|)t ^ / - 1 < si < / ; 
r-2 + {y-r + 2)e2*''^^-.'°=(*2)7(|y-^+2|)t ^ Si < Z - 1 , 

if I > kj + 1, where q;(s), /?(s), and 7(s), s ^ 0, are real smooth monotone functions 
such that a{s) = 1 for s e [0, |] and a{s) = for s > |, /3(s) = for s G [0, i] and 
P{s) = 1 for s > |, and 7(s) = 1 for s e [0, r — 1] and 7(s) = for s > r — ^. 

Let us choose a neighbourhood Wj C Ej containing the part of diameter 
d'j connecting the points u'j and u'j, and such that there exists a diffeomorphism 
4'j • ~^ such that <pj{d'j) — { (si,S2) &Vj\Q<si< 2kj, S2 = 0}, (t)j{uj) = 
(0,0). The diffeomorphism (f)j and the isotopy Fj^p.^t allow us to define a smooth 
isotopy Fj^p.^t = {4>J^ X Id) o Fj^/Sj^t o (<^i x Id) : Wj x ^ Wj x which can be 
extended to a smooth isotopy such that Fj^f^.^i is the identity map outside Wj x C^. 



si < / - 1; 
/ - 1 < si < / ; 

Si>l, 
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Let Ft be the composition of the constructed isotopies Fj^p.^t, j = ^, ■ ■ ■ .n. Denote 
again by Bi its image Fi{Bi) and by Ej a disc contained in Vqj, where Vqj is the 
center of the "twisting- untwisting" -Fj,/?^,*, which is defined verbatim in Step IV. 
We choose a new point in Ej fl Tj and denote it again by u'j . By construction of 
the isotopies Fj^^.^i^ for each j the geometric braids 

Bi = {bij,i{x), . . . , bi,j,p{x)) and B2 = {b2,j,i{x), b2,j,p{x)), 

where x is moved along Tj C Tj starting at o and ending at Uj, are two represen- 
tatives of the same element of Bp[Cl, K]. Therefore by Lemma 6.10, there exists a 
smooth isotopy Ft :¥i —>■ Fi having properties (1) - (3) of Theorem 7.1 such that 

(1) -Ft is the identity map over the complement of the union of small neighbour- 
hoods Uj of the paths Tj ; 

(2) Ft is the identity map over {UEj) U Eg ; 

(3) Fi{Bi) = B2 over some tubular neighbourhood C Ur of the ^-base F . 

Denote again by Bi its image Fi{Bi). The obtained curves Bi and B2 coincide 
over the tubular neighbourhood C/f of the g-hase T. 

Step VI. The complement \ C/f is simply connected. Let Uoo be a simply 
connected neighbourhood of P^\C/p such that Uoo is diffeomorphic to a disc and such 
that Uj ^ Uoo for all j = 1, . . . , #iV. Denote hy V = tt-'^{Uoo)- Then tt -.V ^Uoo 
is a trivial fibering with fibres t:~^{x) ~ P-*^ and L fl F is a section. Put Vq = V\L 
and = Vo n 5j, i = 1, 2. Then Vq ~ C/qo x and tt\Vo coincides with projection 
on the second factor. We apply Remark 6.7 and Lemma 6.9 to B\ and B2 to obtain 
a smooth isotopy Ft having all properties (1) - (4) of Theorem 7.1. 

§8. Equivalence of braid monodromy factorizations and diflfeomorphism 
types of surfaces. 

In this Section we prove Theorem 2. 
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Let F : (CP^, Bi) (CP^, B2) be a diffeomorphism of pairs having the prop- 
erties described in Corollary 7.2. This diffeomorphism induces an isomorphism 
F* : 7ri(CP2 \ B2) 7ri(CP2 \ Bx). 

By Proposition 1 in [KuU], the set of non-equivalent generic morphisms of 
degree N with discriminant curve B C CP^ is in one-to-one correspondence with 
the set of epimorphisms from tti (CP^ \ B) to the symmetric group Ejv satisfying 
some additional conditions (see details in [KuU]). Since Chisini's Conjecture holds 
for Bi C CP^, then there exists such a unique epimorphism from 7ri(CP^ \ -^1)) 
which must coincide with the epimorphism /i* : 7ri(CP^ \ -^i) ~^ ^7V induced by 
/i, where N — deg/i. Therefore, for B2, there exists such a unique epimorphism, 
which must coincide with /i* o F* = /2* : 7ri(CP^ \ B2) — > Ejv- Consequently, 
the diffeomorphism F : CP^ \ Bi ^ CP^ \ B2 can be lifted to a diffeomorphism 
^o:Si\f^\Bi)^S2\f2\B2). 

In [Kul2], one can find a method how to reconstruct a surface S and a finite 
morphism f : S ^ CP^ branched along B C CP^ if we know the homomorphism 
/* : 7ri(CP^ \ B) Sjv- This method is based on the presentation S as N copies 
of CP^ with "standard cuts" pasted together along these cuts (to do such pasting 
together, we use the geometric desciption of the finite presentation 7ri(CP^ \ B) in 
terms of "shadows" and "screens" described in [Kul3]). Using this method, it is 
easy to see that the diffeomorphism is uniquely extended to a homeomorphism 
^' : 5i ^ ^2. 

Let U C S'l be a neighbourhood of an ordinary cusp of Bi such that F\u is 
holomorphic. It is well-known that if / : X ^ [/ is a three-sheeted covering of 
U = {{x,y) & I < 1, |y| < 1} branched along a curve given by = 
and such that / is not Galois covering, then such / is unique. Therefore, the 
homeomorphism ^ is holomorphic (in particular, W is smooth) in /^^{U). Similarly, 
^ is smooth in f^^iU), where [/ is a neighbourhood of a node of Bi or a tangent 
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point of Bi and a fiber of the projection tt. 

Let 2; e Si be a non-singular point and let 

Ui ~ {(a;i,yi) e | \xi\ < 1, \yi\ < 1} 

be a neighbourhood of z in CP^, where {xi,yi) local holomorphic coordinates in 
CP^ such that ?/i = is a local equation of Bi and the projection tt is given in Ui 
by {xi,yi) I— s> xi. Similarly, let U2 = F{Ui) be a neighbourhood of F{z) and let 
{^2, 2/2) be local holomorphic coordinates in C/2 such that ^2 = is a local equation 
of B2 and the projection tt is given in U2 by {x2,y2) ^ X2- We have X2 = gii^i) 
and y2 = g2{xi,yi), where gi and g2 are smooth functions and g2 is holomorphic 
in yi. Therefore g2 can be writen in the form 

g2{xi,yi) = ^an{xi)y^, 

n=l 

where all an{xi) are smooth and ai(xi) ^ inUi. 

Each preimage /f ^(f/i) and /2~^(f/2) consists of — 1 connected components 
Ui,i,---, Ui,N-i and [/2,i, • • • , U2,n-i, respectively. Let /i (resp. /2) is non-ramified 
in ^fS2^Uij (resp. in U^"^"'^C/2,j)- Therefore, ^ is smooth in U^"^"'^C/i^j. Besides, 
there exist local holomorphic cordinates (tti, vi) in Ui^i (resp. {u2, V2) in [/2,i) such 
that /i is given in (resp. /2 in [/2,i) by yi = m^, = vi (resp. 1/2 = 

a^2 = i'2)- Consequently, is given by 

00 

U2 = Ui{J2(^n{vi)uf'-^)^ ; 
n=l 

V2 = 1^1 • 

It is easy to see that 

00 

n=l 

is a smooth function, since all an{vi) are smooth and ai{vi) ^ 0. 
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